Exact charged black hole solutions in D-dimensions in f(R) gravity by Tang, Zi-Yu et al.
Exact charged black hole solutions in D-dimensions in f(R) gravity
Zi-Yu Tang,1, 2, ∗ Bin Wang,3, 2, 4, † and Eleftherios Papantonopoulos5, ‡
1Center for Astronomy and Astrophysics, School of Physics and Astronomy,
Shanghai Jiao Tong University, Shanghai 200240, China
2Collaborative Innovation Center of IFSA (CICIFSA),
Shanghai Jiao Tong University, Shanghai 200240, China
3School of Aeronautics and Astronautics,
Shanghai Jiao Tong University, Shanghai 200240, China
4Center for Gravitation and Cosmology, College of Physical Science and Technology,
Yangzhou University, Yangzhou 225009, China
5Physics Division, National Technical University of Athens,
15780 Zografou Campus, Athens, Greece.
We consider Maxwell-f(R) gravity and obtain an exact charged black hole solution with
dynamic curvature in D-dimensions. Considering a spherically symmetric metric ansatz and
without specifying the form of f(R) we find a general black hole solution in D-dimensions.
This general black hole solution can be reduced to the Reissner-Nordstro¨m (RN) black hole
in D-dimensions in Einstein gravity and to the known charged black hole solutions with
constant curvature in f(R) gravity. Restricting the parameters of the general solution we
get polynomial solutions which reveal novel properties when compared to RN black holes.
Specifically we study the solution in (3 + 1)-dimensions in which the form of f(R) can be
solved explicitly giving a dynamic curvature and compare it with the RN black hole. We also
carry out a detailed study of its thermodynamics.
I. INTRODUCTION
Modified theories of gravity with the presence of higher-order curvature terms have been
introduced in a attempt to describe the early and late cosmological history of the early time inflation
and the late time acceleration. Another motivation to study such theories is the understanding of
the presence of dark matter and the confrontation of gravity theories with the recent observations
[1–4]. On more theoretical grounds, higher-order corrections to the Einstein-Hilbert term lead to a
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2renormalizable and thus quantizable gravitational theory [5]. Therefore, modified theories of gravity
with higher-order corrections, provide a deeper understanding of General Relativity (GR).
At very early times avoiding the restriction the gravitational Lagrangian to be a linear function of
R, variable modified theories of gravity that contain some of the four possible second-order curvature
invariants were considered under the effect of quadratic Lagrangians. Besides, one particular class
of models that includes higher order curvature invariants as functions of the Ricci scalar are the
f(R) gravity models [6]-[15]. Although such theories exclude contributions from any curvature
invariants other than R, they could also avoid the Ostrogradskis instability [16] which proves to be
problematic for general higher derivative theories [17].
A natural modification is to add terms Rn to the action, for n > 1 such terms can explain
inflation behavior of early universe, like the Starobinsky model f(R) = R + αR2 [18]. While for
n < 0 such corrections become important in the late universe and can lead to self-accelerating
vacuum solutions, providing a purely gravitational alternative to dark energy [19–22]. However,
these models suffer from instabilities [23, 24] and there are strong constraints from the solar system
[25]. Constraining the parametric space [26] these problems can be avoided.
In f(R) gravity there are black hole solutions in which they reproduce the known black hole
solutions of GR or they differ considerably from their GR counterparts. Static spherically symmetric
solutions in f(R) gravity were studied in [27]. It was shown that for a large class of f(R) models
the Schwarzschild-dS metric was an exact solution of the field equations. Introducing a perfect
fluid static spherically symmetric solutions were found [28], while in [29] spherically symmetric
black hole solutions were investigated with constant curvature with and without electric charge.
Exact f(R) black hole solutions were found in [30] which can lead to Schwarzschild-(A)dS black
hole solutions. Also exact spherically symmetric solutions were discussed in [31] different from the
Schwarzschild-(A)dS solutions.
Spherically symmetric exact solutions in f(R) gravity coupled to non-linear electrodynamics
were obtained using the dual P formalism of nonlinear electrodynamics in terms of the structural
function HP [32]. Also by Noether symmetries, axially symmetric solutions can be derived starting
from exact spherically symmetric solutions [33]. The Maxwell-f(R) black hole imposed by constant
curvature and its thermodynamic quantities were studied in [34] and it was observed that the
solutions may lead to the Reissner-Nordstro¨m-AdS black hole by redefining Newtonian constant and
charge. Also Kerr-Newman black-hole solutions in the context of f(R) modified gravity theories
were studied in [35]. Also the thermodynamic properties of these solutions were discussed in [36].
Recently a class of charged spherically symmetric solutions were investigated in [37].
3In this work we study exact charged black hole solutions in general D-dimensional f(R) gravity.
We consider a spherically symmetric ansatz with one unknown function and we do not specify
the form of the function f(R). Solving the system of the Einstein-Maxwell equations we find the
form of the f(R) function which can be resulted from non-polynomial Lagrangians giving in this
way more general f(R) modified gravity theories. We show that constraining the parameters of
the general solution we get polynomial solutions which reveal some interesting properties when
compared with RN black holes. We then focus on the (3 + 1)-dimensions, where the form of f(R)
can be solved explicitly from the polynomial solution and we discuss in details the thermodynamics
of this solution studying the Bekenstein-Hawking entropy, the quasi-local energy, the Hawking
temperature and the heat capacity.
The work is organized as follows. In Section II we discuss the general D-dimensional solution. In
Section III we present some special solutions with constant and non-constant curvature. In Section
IV we discuss solutions in various dimensions. In Section V we elaborate on (3 + 1)-dimensional
solutions. Finally Section VI are our conclusions.
II. GENERAL SOLUTION IN D-DIMENSIONS (D ≥ 3)
We consider a D-dimensional action in which except the Ricci scalar R there is a general function
of f(R) which is not specified, a Maxwell field and a cosmological constant Λ
I =
∫
dDx
√−g
[
1
2κ
(R+ f(R)− 2Λ)− 1
2
FµνF
µν
]
. (1)
By variation of the above action we obtain the field equations
Iµν ≡ Rµν (1 + fR)− 1
2
gµν (R+ f(R)− 2Λ) + (gµν−∇µ∇ν) fR − κTµν = 0 , (2)
∇µFµν = 0 , (3)
where
fR ≡ df(R)
dR
, (4)
Tµν = −1
2
gµνF + 2FµσFν
σ , (5)
Fµν = ∂µAν − ∂νAµ , (6)
Aa = h(r)(dt)a . (7)
We consider a spherically symmetric metric ansatz with only one unknown function
ds2 = −B(r)dt2 + 1
B(r)
dr2 + r2dΩ2k , (8)
4that includes three basic topologies
dΩ2k =

dθ21 +
D−2∑
i=2
i−1∏
j=1
sin2 θjdθ
2
i k = 1 ,
dθ21 + sinh
2 θ1dθ
2
2 + sinh
2 θ1
D−2∑
i=3
i−1∏
j=2
sin2 θjdθ
2
i k = −1 ,
D−2∑
i=1
dθ2i k = 0 ,
(9)
under which the components of the Einstein equation are
Itt =
1
4r
[−2rfR(r)B′′(r)− 2rB′′(r)− 2(D − 2)B′(r) (1 + fR(r)) + 2rB′(r)f ′R(r)
+4(D − 2)B(r)f ′R(r) + 4rB(r)f ′′R(r)− 2rf(r) + rh′(r)2 + 4Λr − 2rR(r)
]
= 0 , (10)
Irr =
1
4r
[−2rfR(r)B′′(r)− 2rB′′(r)− 2(D − 2)B′(r) (1 + fR(r)) + 2rB′(r)f ′R(r)
+4(D − 2)B(r)f ′R(r)− 2rf(r) + rh′(r)2 + 4Λr − 2rR(r)
]
= 0 , (11)
Iθ1θ1 = −
1
4r2
[−4r (rB′(r)f ′R(r) +B(r) ((D − 2)f ′R(r) + rf ′′R(r)))+ 2r2(f(r)− 2Λ +R(r))
+4(fR(r) + 1)
(
rB′(r) + (D − 3)(B(r)− k))+ 4rB(r)f ′R(r) + r2h′(r)2] = 0 , (12)
Iθiθi = I
θ1
θ1
, (13)
where f(r) ≡ f (R(r)) and
R(r) = −r
2B′′(r) + 2(D − 2)rB′(r) + (D − 3)(D − 2)(B(r)− k)
r2
(14)
is the Ricci scalar expressed by the metric function B(r) and its derivatives B′(r) and B′′(r).
The eq. Itt − Irr = 0 gives a simple relation
B(r)f ′′R(r) = 0 , (15)
which leads to
fR(r) = c1 + c2r , (16)
where c1 and c2 are integration constants. This relation gives
f ′(R) = c1 + c2r(R) , (17)
f(R) = c1R+ c2
∫ R
r(R)dR , (18)
where the parameter c1 is dimensionless and c2 have dimensions [c2] = L
−1. Therefore if c1 and c2
are small this theory can be considered as a small perturbation of the Einstein gravity.
5The relation (18) is one of the central relations in our work. If c2 is zero then it tells us that
only linear curvature modifications are present. If however c2 is not zero, then non-linear curvature
terms are present in the theory.
Besides, the t component of the electromagnetic field equation gives
(D − 2)h′(r) + rh′′(r) = 0 , (19)
which leads to
h(r) =
 −
q
(D−3)rD−3 + φ0 D > 3 ,
q ln r + φ0 D = 3 ,
(20)
where q and φ0 are integration constants.
Using the eq. (20) we can find that the parameter q is proportional to the charge Q
Q =
1
4pi
∫
S
∗Fab =
1
8pi
∫
S
F abεabc1c2...cD−2
=
1
4pi
∫
S
h′(r)
√−gdθ1θ2...dθD−2
=
q
4pi
ωD−2 , (21)
where
ωD−2 =

2pi
D−1
2
Γ(D−12 )
=
 (2pi)
D−1
2 1
(D−3)!! for odd D
2 (2pi)
D−2
2 1
(D−3)!! for even D
k = 1 , − (−2pi)
D−1
2 1
(D−3)!! for odd D
− (−2pi)D−22 coshpi−cosh 0(D−3)!! for even D
k = −1 ,
2piD−2 k = 0 ,
(22)
is the volume of the unit (D − 2)-sphere.
Substituting the expressions of fR(r) and h(r) in the Einstein equations, we are getting two
independent equations with two unknown functions f(r) and B(r),
Itt = c2
[
B′(r) +
(D − 2)B(r)
r
]
− c2
2
B′(r)− 1
2r
(c1 + c2r + 1)
[
rB′′(r) + (D − 2)B′(r)]
+
q2
4r2(D−2)
− 1
2
[f(r)− 2Λ +R(r)] = 0 , (23)
Iθ1θ1 = −
1
4r2
{
4c1rB
′(r) + 4rB′(r) + 2(c1 + 1)(D − 3)B(r)− 4(D − 3) (c1 + 1 + c2r) k
+
q2
r2(D−3)
+ 2r2f(r)− 4Λr2 + 2r2R(r)
}
= 0 , (24)
6which contain both D > 3 and D = 3 cases. We solve f(r) from Iθ1θ1 = 0,
f(r) =
2 {(D − 3) [−(c1 + 1)B(r) + (c1 + c2r + 1) k]− (c1 + 1)rB′(r)}
r2
(25)
− q
2
2r2(D−2)
+ 2Λ−R(r) ,
and put it back into Itt = 0, then a simple second order differential equation with respect to the
metric function B(r) is obtained
(c1 + c2r + 1)
[
r2B′′(r) + 2(D − 3)k]+ rB′(r) [(c1 + 1)(D − 4) + c2r(D − 3)]
−2B(r) [(c1 + 1)(D − 3) + c2r(D − 2)] = q2r2(3−D) , (26)
from which we get the general exact solution in D-dimensions (D > 3) for the metric function B(r)
B(r) = −
{
3Dr6Γ(D + 2) (c1 + 1)
2
[
−q2 (2D2 − 7D + 6) r−2DΓ(2D − 2)2F ∗1 (1, 2(D − 1); 2D − 1;−c1 + 1rc2
)
+c42 ln
(
c2r + c1 + 1
c2r
)(
2(D − 3)k (c2Dr + c1(D − 2)− 3c2r +D − 2) + q2(D − 2)r6−2D
)
2r−8(3− 2D)2(D − 3)kΓ(D + 1) 2F1
(
1, D + 1;D + 2;−c1 + 1
rc2
)]
− [(D − 3)rD (2krD (c2Dr + c1(D − 2)− 3c2r +D − 2) + c4(D − 2)r3)+ q2(D − 2)r6]
3 (c1 + 1)
2D(2D − 3)r−2DΓ(D + 1) 2F1
(
1, D + 1;D + 2;−c1 + 1
rc2
)
+rc2
[
D
(
2D2 − 9D + 9) kΓ(D + 2)(−2 (c1 + 1)2 (D − 2)− 6c22r2 + 3c2 (c1 + 1) r)
− (c1 + 1) (D + 1)Γ(D + 1)
[
3c2D
(
2D2 − 9D + 9) r ((3−D)k − c3(D − 2)r2)
+(2−D)r−2D ((2D2 − 9D + 9) rD (2 (c1 + 1)DkrD + 3c4r3)+ 3q2Dr6))]
}/[3 (c1 + 1) c22(D − 3)(D − 2)D(D + 1)(2D − 3)r2Γ(D + 1)] , (27)
where c3 and c4 are constants of integration, while 2F1 and 2F
∗
1 are the hypergeometric function
and the Regularized generalized hypergeometric function respectively.
This general solution is obtained using the metric ansatz eq. (8) without introducing any extra
conditions. Then the form of f(R) is specified once the metric function B(r) is known from eq.
(27). Although the explicit form of f(R) is unknown, once the known functions f(r) and R(r) are
specified we can have a differential equation of f(R) the solution of which gives the form of f(R).
This is a novel result and in the following we will reproduce known and new f(R) solutions. It is
worth noticing that the dimension D can be any real number larger than 3, not constrained to
integers. In Sec. IV, we will show that for integer D, the solution only contains polynomials and
logarithmic terms.
7For D = 3 we obtain a new exact charged black hole solution
B(r) = − 1
4 (c1 + 1) 3
{
(c1 + 1)
[
q2 (−4c2r + c1 + 1)− 4 (c1 + 1) 2c3r2
]
+2 (c1 + 1) q
2 (−2c2r + c1 + 1) ln r + 4c22q2r2Li2
(
− rc2
c1 + 1
)
+2c4
[
2c22r
2 ln
∣∣∣∣c2r + c1 + 1r
∣∣∣∣+ (c1 + 1) (−2c2r + c1 + 1)]
−2c22q2r2 ln2 r + 4c22q2r2 ln r ln
∣∣∣∣c2r + c1 + 1c1 + 1
∣∣∣∣} , (28)
where Li2 is the polylogarithm function, defined by a power series in z, which is also a Dirichlet
series in s
Lis(z) =
∞∑
k=1
zk
ks
= z +
z2
2s
+
z3
3s
+ ... . (29)
The cosmological constant Λ does not show up in the solution, but we can know if the space is
flat, AdS or dS by analysing its asymptotic behaviors at spacial infinity and origin
B (r →∞)→ −Sgn (Λeff)∞ , (30)
B (r → 0) = −2q
2 ln(r) + q2 + 2c4
4c1 + 4
→ Sgn (1 + c1)∞ , (31)
where
Λeff = −6c3 − c
2
2
(c1 + 1) 3
[
q2
(
3 ln2
(
c2
c1 + 1
)
+ pi2
)
− 6c4 ln (c2)
]
. (32)
In (2 + 1)-dimensions, near horizon solutions, asymptotically Lifshitz black hole solutions and
rotating black holes with exponential form of f(R) theory have been discussed in [38]. They first
gave the basic field equations as same as our equations with D = 3, but their solution is different
with our solution.
III. SPECIAL SOLUTIONS
We will first consider solutions with c2 = 0. In this case f
′(R) = c1 and the eq. (26) becomes
(c1 + 1)
(
r2B′′(r) + (D − 4)rB′(r)− 2(D − 3)B(r) + 2Dk − 6k) = q2r6−2D , (33)
the solutions of which is
B(r) =

q2
2(c1+1)(D−3)(D−2)r2(D−3) + c3r
2 + c4r
3−D + k D > 3 ,
c4 +
c3r2
2 − q
2
2(c1+1)
ln (2(c1 + 1)r) D = 3 ,
(34)
8and then the functions R(r) and f(r) become
R(r) =
 −c3(D − 1)D −
q2(D−4)
2(c1+1)(D−2)r2D−4 D > 3 ,
q2
2(c1+1)r2
− 3c3 D = 3 ,
(35)
f(r) =
 2Λ− c3(D − 1)(2c1 −D + 2)−
c1q2(D−4)
2(c1+1)(D−2)r2D−4 D > 3 ,
2Λ− 2c1c3 + c3 + c1q22(c1+1)r2 D = 3 .
(36)
Then we have two cases:
A. Non-constant R
For non-constant R, using the the solutions (35)(36) we have for f(R)
f(R) =
 c1R+ c3(c1 + 1)(D − 1)(D − 2) + 2Λ D > 3 ,c1R+ c3 (1 + c1) + 2Λ D = 3 , (37)
and then to have f(R) = c1R we get for the parameter c3 ([c3] = [Λ] = L
−2)
c3 =
 − 2Λ(c1+1)(D−1)(D−2) D > 3 ,− 2Λc1+1 D = 3 . (38)
Then the metric function and the curvature function become
B(r) =

q2
2(c1+1)(D−3)(D−2)r2(D−3) −
2Λr2
(c1+1)(D−2)(D−1) +
c4
rD−3 + k D > 3 ,
c4 − Λr2(c1+1) −
q2
2(c1+1)
ln (2(c1 + 1)r) D = 3 ,
(39)
R(r) =
 2DΛ(c1+1)(D−2) −
q2(D−4)
2(c1+1)(D−2)r2D−4 D > 3 ,
q2
2(c1+1)r2
+ 6Λc1+1 D = 3 .
(40)
This result implies that it reduces to the Einstein Gravity R+f(R)−2Λ = (1+c1)R−2Λ = R−2Λ
when c1 = 0. In this case the solutions (39) become
B(r) =

q2
2(D−3)(D−2)r2(D−3) − 2Λr
2
(D−2)(D−1) +
c4
rD−3 + k D > 3 ,
c4 − Λr2 − q22 ln (2r) D = 3 ,
(41)
R(r) =
 2DΛ(D−2) −
q2(D−4)
2(D−2)r2D−4 D > 3 ,
q2
2r2
+ 6Λ D = 3 ,
(42)
which after some parameterization c4 = −m1, q2 = 2(D − 3)(D − 2)q21 D > 3 ,c4 = −m2 + 2q22 ln 2`, q2 = 4q22 D = 3 , (43)
9are exactly the standard higher-dimensional charged black hole solutions [39] and the charged BTZ
black hole solution [40] in Einstein-Maxwell theory
B(r) =
 k − 2Λ(D−1)(D−2)r2 −
m1
rD−3 +
q21
r2(D−3) D > 3 ,
r2
l2
−m2 − 2q22 ln r` D = 3 ,
(44)
with dynamic curvatures
R(r) =
 2DΛD−2 −
(D−3)(D−4)q21
r2(D−2) D > 3 ,
2q22
r2
− 6
`2
D = 3 ,
(45)
where q1 and m1 are related to the electric charge and the ADM mass of the BH, and ` is the AdS
radius Λ = − 1
`2
.
B. Constant Curvature R = R0
For constant curvature R = R0, we can take the trace of the Einstein equation and obtain
R0
(
1 + f ′(R0)
)− D
2
(R0 + f(R0)− 2Λ) = κT = 0 , (46)
where Maxwell electromagnetic field is traceless T = gµνTµν = 0. This relation can lead to
f(R0) = −R0 + 2Λ + c0RD/20 , (47)
which means R0 + f(R0)− 2Λ = c0RD/20 .
To see this consider the solutions eq. (35). We can see that for constant curvature the parameters
must satisfy q = 0 or D = 4. The former condition q = 0 leads to
B(r) = k − R0r
2
(D − 1)D +
c4
rD−3
, (48)
f(R0) = 2Λ +
(2c1 + 2−D)R0
D
, (49)
which hold for all dimensions D ≥ 3. Comparing with the eq. (47), we can obtain the relation
between the parameter c1 and the constant curvature R0
c1 =
c0D
2
R
D−2
2
0 − 1 . (50)
These geometries are exactly the same with the Schwarzschild black hole solutions inD-dimensions
and the BTZ black hole solution in 3-dimensions,
B(r) =
 k − 2Λ(D−1)(D−2)r2 − mrD−3 D > 3 ,r2
l2
−m D = 3 .
(51)
10
Specially in 4-dimensions, the Ricci scalar is always a constant even with nonzero q,
B(r) = k +
q2
4(c1 + 1)r2
− R0
12
r2 +
c4
r
, (52)
f(R0) = 2Λ +
(c1 − 1)R0
2
, (53)
where c1 has the same relation as in eq. (50).
Note that f ′(R0) = c1, after parametrizations we have
B(r) = k − m
r
+
q2
4 (f ′(R0) + 1) r2
− R0
12
r2, (54)
which has been studied in [34, 36]. However this kind of solutions can not be distinguished with
the RN black holes in Einstein Gravity, since we can always adjust the gravitational constant to
make them the same.
It is worth noticing that this charged solution with constant curvature only exists in 4-dimensions
while the Schwarzschild solution can be present in any higher dimensions.
IV. EXPLICIT SOLUTIONS IN VARIOUS DIMENSIONS
In this Section we will discuss the forms and the properties of the general solution (27) in various
dimensions. First we discuss the simplest solution in 3-dimensions.
A. The solution in (2+1)-dimensions (D = 3)
We have found the solution for D = 3 eq. (28), to compare with the BTZ black hole we set
q = 0 and then the metric function becomes
B(r) = c3r
2 − c4 (−2c2r + c1 + 1)
2 (c1 + 1) 2
− c
2
2c4r
2
(c1 + 1) 3
ln
∣∣∣∣c2r + c1 + 1r
∣∣∣∣ . (55)
From
∣∣ c2r+c1+1
r
∣∣ > 0 we can get c2(1 + c1) > 0.
The asymptotic behaviors of the metric function are
B (r → 0) = − c4
2(1 + c1)
≡ B0 , (56)
B (r →∞) =
(
c3 − c
2
2c4
(1 + c1)
3 ln c2
)
r2 + o
(
r2
)
, (57)
where the leading order at r →∞ is r2 term, so we define its coefficient as the effective cosmological
constant
Λeff =
c22c4
(1 + c1)
3 ln c2 − c3 , (58)
11
the sign of which can determine the property of spacetime to be AdS or dS or if Λeff = 0 to be flat.
To check the possibility of flat and dS black hole, we introduce a root function
Root(r) =
(c1 + 1)
2c22
(
2 (c1 + 1)
2c3
c4
− −2c2r + c1 + 1
r2
)
− ln
(
c2r + c1 + 1
r
)
, (59)
the roots of which are also the roots of the metric function B(r). The derivative of Root(r) is
always positive under the condition c2(1 + c1) > 0
Root′(r) =
(c1 + 1)
3
c22r
3 (c2r + c1 + 1)
> 0 always, (60)
and the asymptotic behaviors of root function at r → 0 and r →∞ are respectively
Root(r → 0) = −(1 + c1)
2
2c22r
2
→ −∞, (61)
Root(r →∞) = (c1 + 1)
3c3 − c22c4 ln (c2)
c22c4
=
(1 + c1)
2 Λeff
2c22B0
, (62)
where ΛeffB0 > 0 indicates one horizon and
Λeff
B0
≤ 0 indicates no horizon. If we want a dS black hole,
there at least two horizons exist, while if we want an AdS black hole, one horizon is required. It
is clear that the solution we obtained can only represent AdS black hole spacetimes (Λ < 0 and
B0 < 0) or pure dS spacetimes (Λ > 0 and B0 > 0).
B. Solutions in D-dimensions (D > 3)
The general solution (27) contains some special functions that are not easy to analyse. However,
when we solve the eq. (26) in each dimension, the solutions become much simpler, only containing
polynomials and logarithmic terms. In the Appendix A we give the solutions for D = 4, 5, 6
dimensions. The solution (A1) for D = 4 has been discussed in [32] while the solutions in higher
dimensions are new and they have not been studied before.
To compare with the RN black holes and understand the physical meaning of the constants of
integration, we set the coefficients of the logarithmic terms to be zero and then the solutions are
just polynomials. Then from the solutions (A1), (A2) and (A3) we obtain the general constraint for
the parameters
c4(−1)D(D − 3)(D − 2)(c1 + 1)D−3cD−32 + 2(D − 3)k(c1 + 1)2D−5 + q2(D − 2)c2(D−3)2 = 0 , (63)
under which the solutions (A1), (A2) and (A3) can be reduced to simpler polynomial solutions in
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D-dimensions
B(r) =
(D − 3)k
D − 2 +
[
c3 +
2c22(2D − 5)k
(c1 + 1)2(D − 2)2(D − 3)
]
r2 +
D−3∑
n=1
2k(−1)n+1(c1 + 1)n
(D − 2)(n+ 2)cn2rn
+
2(D−3)∑
n=D−2
q2(−1)nc2D−n−62
(D − 3)(n+ 2)rn(c1 + 1)2D−n−5 . (64)
Compared with RN black hole, our solution (64) has more terms from 1/r to 1/r2(D−3) while RN
black hole only has two terms 1/r and 1/r2(D−3) as mass term and charge term respectively. Another
interesting difference is that the constant term in our solution is a fraction (D−3)kD−2 depending on
dimension D, and this fraction can not be rescaled. Moreover, the dynamic curvature R(r) and the
nonzero gravitational action f(r) can not be simplified by the transformation of coordinates.
Using relations (14) and (26) we can obtain the expressions of R(r) and f(r)
R(r) =
(D − 3)k
r2
− (D − 1)D
[
c3 +
2c22(2D − 5)k
(c1 + 1)2(D − 3)(D − 2)2
]
+
D−3∑
n=1
2k(−1)n(c1 + 1)n
(
D2 −D(2n+ 5) + n2 + 5n+ 6)
(D − 2)(n+ 2)cn2rn+2
+
2(D−3)∑
n=D−2
q2(−1)n (−D2 +D(2n+ 5) + n2 − 3n− 6)
(D − 3)(n+ 2)(c1 + 1)2D−n−5cn+6−2D2 rn+2
, (65)
f(r) = (D − 1)(D − 2− 2c1)
[
c3 +
2c22(2D − 5)k
(c1 + 1)2(D − 3)(D − 2)2
]
+
2c2(D − 3)k
r
− q
2
2r2D−4
+
(D − 3)k(2c1 −D + 4)
(D − 2)r2 −
D−3∑
n=1
2k(−1)n(c1 + 1)n(−D + n+ 3)(2c1 −D + n+ 4)
(D − 2)(n+ 2)cn2rn+2
+
2(D−3)∑
n=D−2
q2(−1)n (c1(−2D + 2n+ 6) +D2 −D(2n+ 7)− n2 + 5n+ 12)
(D − 3)(n+ 2)(c1 + 1)2D−n−5cn+6−2D2 rn+2
+ 2Λ , (66)
and using the relation (16) we can get the exact expression of f(R),
f(R) = (D − 1)(D − 2− 2c1)
[
c3 +
2c22(2D − 5)k
(c1 + 1)2(D − 3)(D − 2)2
]
+
2c22(D − 3)k
f ′(R)− c1 −
q2c2D−42
2 (f ′(R)− c1)2D−4
+
(D − 3)k(2c1 −D + 4)c22
(D − 2) (f ′(R)− c1)2
−
D−3∑
n=1
2k(−1)n(c1 + 1)nc22(−D + n+ 3)(2c1 −D + n+ 4)
(D − 2)(n+ 2) (f ′(R)− c1)n+2
+
2(D−3)∑
n=D−2
q2(−1)nc2D−42
(
c1(−2D + 2n+ 6) +D2 −D(2n+ 7)− n2 + 5n+ 12
)
(D − 3)(n+ 2)(c1 + 1)2D−n−5 (f ′(R)− c1)n+2
+ 2Λ . (67)
Defining an effective cosmological constant
Λeff = −(D − 1)(D − 2)
2
[
c3 +
2c22(2D − 5)k
(c1 + 1)2(D − 2)2(D − 3)
]
, (68)
we give the functions B(r), R(r), f(r), and f(R) in the Appendix B.
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V. EXPLICIT SOLUTION IN (3 + 1)-DIMENSIONS
In (3 + 1)-dimensions the form of f(R) can be solved explicitly so we will discuss this solution in
details studying also its thermodynamics.
In the Appendix A the solution (A1) in (3 + 1)-dimensions was given
B(r) =
k
2
+
(c1 + 1) k
3c2r
+
q2
4 (c1 + 1) r2
+
3c22k + 2c3 (c1 + 1)
2
2 (c1 + 1) 2
r2 , (69)
R(r) = − 18c
2
2k
(c1 + 1)2
− 12c3 + k
r2
, (70)
f(r) =
c1k
r2
+
2c2k
r
− 9 (c1 − 1) c
2
2k
(c1 + 1) 2
− 6 (c1 − 1) c3 + 2Λ , (71)
from which we can have an explicit form of f(R)
f(R) =
2c22k
c1
+ c1 (c5 +R)± 2
√
c22kW (R)
c21 (c1 + 1)
2
, (72)
W (R) = −c1
(
5c22k + 6c3 + 2Λ
)
+ c21
(
11c22k − 6c3 + c5 − 4Λ +R
)
+ 2c22k
+c31 (6c3 + 2c5 − 2Λ + 2R) + c41 (6c3 + c5 +R) , (73)
where the constant of integration c5 should be set to
c5 = −2c
2
2k
c21
, (74)
to ensure that the only constant in the action is −2Λ. After this constraint the f(R) becomes
f(R) = c1R± 2
√
c22k
(
9 (c1 − 1) c22k + (c1 + 1) 2 (c1R− 2Λ) + 6 (c1 − 1) c3 (c1 + 1) 2
)
c1 (c1 + 1) 2
. (75)
Substituting R(r) into this expression and comparing with f(r), we finally get
c3 =
−2c1Λ− 9c22k − 2Λ
6(c1 + 1)2
, (76)
then the solution becomes
B(r) =
k
2
+
(c1 + 1)k
3c2r
+
q2
4(c1 + 1)r2
− Λr
2
3(c1 + 1)
, (77)
R(r) =
4Λ
c1 + 1
+
k
r2
, (78)
f(r) =
2kc2
r
+
c1k
r2
+
4c1Λ
c1 + 1
, (79)
with
f(R) = c1R± 2c2
√
k
(
R− 4Λ
1 + c1
)
. (80)
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We define the action of gravitational part as F (R) = R+ f(R)− 2Λ, then after a rescale we get,
1
2κ
F (R) ≡ 1
2κ
(R+ f(R)− 2Λ)
=
1
2κ
(
(1 + c1)R± c2
√
k
(
R− 4Λ
1 + c1
)
− 2Λ
)
=
(1 + c1)
2κ
(
R± c2
1 + c1
√
k
(
R− 4Λ
1 + c1
)
− 2Λ
1 + c1
)
=
1
2κ′
(
R± c2
1 + c1
√
k (R− 4Λ′)− 2Λ′
)
, (81)
where Λ′ = Λ1+c1 is an effective cosmological constant and κ
′ = κ1+c1 . Then we can obtain the other
equivalent form F˜ (R)
F˜ (R) = R± c2
1 + c1
√
k (R− 4Λ′)− 2Λ′ . (82)
In fact we can always rescale to make 1 + c1 = 1, then then we can adjust the parameter c2 to
change the relation between Einstein action term R and the nonlinear action term
√
k
(
R− 4Λ1+c1
)
.
Note that when c1 = 0 and c2 = 0 the action (80) and the general solution will reduce to the
Einstein Gravity and RN black hole, but for this brunch with c2 6= 0, the solution can never reduce
to the standard RN black hole solution even when c1 = 0 and c2 approaches to 0. Here we give the
solutions B0(r), R0(r), f0(r) and F0(r) to represent the solutions B(r) , R(r), f(r) and F (r) with
c1 = 0,
B0(r) =
k
2
+
k
3c2r
+
q2
4r2
− Λr
2
3
, (83)
R0(r) = 4Λ +
k
r2
, (84)
f0(r) =
2kc2
r
, (85)
F0(r) = 2Λ +
k
r2
+
2kc2
r
. (86)
In the following figures we depict the plots of B0(r) to show the influence of parameter c2. In
Fig. 1, the figures are plotted with positive c2. It is clear that there can not exist any black holes for
k = 1, since all the terms in the metric function B0(r) are positive (Here we choose the asymptotic
anti-de Sitter spacetimes). While for k = −1 black hole solutions exist and the black hole with
larger c2 has smaller radius of event horizon, which means that larger nonlinear gravitational action
gives smaller black hole.
In Fig. 2, the figures are plotted with negative c2. It shows that for k = 1 the black hole with
larger absolute value of c2 has smaller radius of event horizon, which means that larger proportion
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FIG. 1: Metric functions B0(r) with k = ±1. The black curve, black dashed curve, cyan curve, cyan
dashed curve, pink curve and pink dashed curve correspond to metric functions B0(r) with c2 = 1, 2, 3, 4, 5, 6
respectively. Other parameters are set as q = 0.4 and Λ = −0.1.
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FIG. 2: Metric functions B0(r) with k = ±1. The black curve, black dashed curve, cyan curve,
cyan dashed curve, pink curve and pink dashed curve correspond to metric functions B0(r) with
c2 = −1,−2,−3,−4,−5,−6 respectively. Other parameters are set as q = 0.4 and Λ = −0.1.
of the nonlinear action part gives smaller black holes. While for k = −1 the black hole with larger
absolute value of c2 corresponds to larger radius of event horizon, indicating that larger proportion
of the nonlinear action part gives larger black holes.
The above two figures are giving us some typical examples of the formation of black holes in
(3+1)-dimensions due to the presence of the nonlinear term of the curvature.
Compared with RN black hole in (3 + 1)-dimensions,
BRN(r) = k − m1
r
+
q21
r2
− Λ
3
r2 , (87)
RRN(r) = 2Λ , (88)
FRN(r) = 0 , (89)
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our solution has two terms related to the parameter k, which means the topology has more influence
on the geometry. Besides, our solution also contains a dynamic curvature R(r) and non-zero
gravitational action F (r), while the RN black hole has a constant curvature and zero gravitational
action. Except the difference of the constant terms, we can rescale the parameters
q = 2q1, c2 = − k
3m1
, (90)
to make their metric functions very similar
B0(r) =
k
2
− m1
r
+
q21
r2
− Λr
2
3
, (91)
BRN(r) = k − m1
r
+
q21
r2
− Λ
3
r2 . (92)
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FIG. 3: The black curve represents BRN (r) with m1 = 2. While black dashed curve, cyan curve, cyan dashed
curve, pink curve and pink dashed curve correspond to B0(r) with m1 = 2, 2.5, 3, 3.5, 4 respectively. Other
parameters are set as q1 = 0.5 and Λ = −1.
In Fig. 3, we depict the plots of the metric functions BRN(r) and B0(r) with different parameters
m1 to observe the changes when the nonlinear term is present. Note that, no matter how we
change the parameters, the metric functions BRN(r) and B0(r) always differ with a constant
k
2 , so
we mainly plot the figures for B0(r). For black holes with the same charge and the cosmological
constant, with the increase of m1 (the nonlinear action part alleviates), the black holes have larger
radius of event horizons and deeper depressions of geometry inside the event horizons.
Similar solution has been obtained in a recent paper [37] with an action of the form F (R) =
R− 2α√R− 8Λ− Λ.
17
A. Extremal Conditions
The equations B(rext) = 0 and B
′(rext) = 0 give the extremal conditions
c2 = − krext
kr2ext + 4q
2
1
, (93)
Λ =
1
2r4ext
(
kr2ext − 2q21
)
, (94)
rext =
−k ±
√
k
(
k − 16c22q21
)
2c2k
, (95)
where the condition 16c22q
2
1 ≤ 1 is required for k = 1 but not required for k = −1.
If c2 < 0, we have two extremal situations for k = 1 ,
rext =
1±
√
1− 16c22q21
−2c2 , (96)
while for k = −1 there is only one extremal situation
rext =
1 +
√
1 + 16c22q
2
1
−2c2 . (97)
If c2 > 0, the black holes can never become extremal for k = 1, while there is one extremal
situation for k = −1,
rext =
−1 +
√
1 + 16c22q
2
1
2c2
. (98)
From the extremal conditions we can see that for k = 1 the parameter c2 is always negative,
which agrees with the discussion above. It means that the geometry only permits the positive mass
for k = 1 (If mass has the opposite sign with c2). Besides, it shows that the condition rext >
√
2q1
gives positive Λ while rext <
√
2q1 gives negative Λ, which means that asymptotic dS spacetimes
require large enough charge to make black holes extremal, while asymptotic AdS spacetimes need
enough small charge for the extremal black holes to exist.
For k = −1, the cosmological constant Λ is always negative, which is the same with the RN
black holes in Einstein Gravity. It means that only asymptotic AdS spacetimes can accommodate
black holes with k = −1 topology. In addition, the condition rext <
√
2q1 gives positive c2 while
rext >
√
2q1 gives negative c2.
B. Thermodynamics
In this subsection we will study the thermodynamics of the (3 + 1)-dimensional charged black
hole solution eqs. (83)-(86) under the action
F (R) = R+ f(R)− 2Λ = R± 2c2
√
k (R− 4Λ)− 2Λ . (99)
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The Bekenstein-Hawking entropy and the quasi-local energy in the framework of F (R) gravity
are given by [41, 42]
S(r+) =
1
4
AFR(r+) = pir
2
+(1 + c2r+) , (100)
E(r+) =
1
4
∫ [
2FR(r+) + r
2
+ (F (R(r+))−R(r+)FR(r+))
]
dr+
=
1
24
r+
[
3c2r+
(
k − 2Λr2+ + 2
)− 4Λr2+ + 12] , (101)
where A is the area of the black hole, and r+ is the event horizon. The Bekenstein-Hawking entropy
consists of two parts: the first part pir2+ = A/4 is proportional to the area, same as in Einstein
Gravity, while the second term comes from the modification of gravity which will disappear when
c2 = 0.
For a given c2, the r+ only changes depending on q or Λ. Then the derivative of entropy is
S′(r+) = pir+(2 + 3c2r+), where S′(r+) ≥ 0 can give the limit on the event horizon r+ ≥ − 23c2 ,
which indicates that the radius of event horizon must be larger than the critical value − 23c2 . In
other words, enough small black holes are not permitted in this f(R) theory.
On the other hand, if we fix q and Λ, then the r+ only changes depending on c2. In the following
figures (Λ > 0) we can see that the second law of thermodynamics will be violated by black holes
with enough large radius of event horizon, which means that the parameter c2 in this f(R) theory
can not be larger than a critical value that depends on the given q and Λ.
Besides the Hawing temperature is
T (r+) =
B′0(r+)
4pi
= −6c2q
2
1 + 2c2Λr
4
+ + kr+
12pic2r3+
, (102)
and the heat capacity C is [43, 44]
C(r+) =
∂M
∂T
=
E′(r+)
T ′(r+)
= −3pic2r
4
+
[
c2r+
(−k + 4Λr2+ − 2)+ 2Λr2+ − 2]
2
(
9c2q21 − c2Λr4+ + kr+
) . (103)
We know that when c2, q1 and Λ are given, the event horizon will be fixed. If only q1 and Λ are
fixed the parameter c2 can be expressed as a function of the event horizon r+
c2 (r+) = − 2kr+
3kr2+ + 6q
2
1 − 2Λr4+
. (104)
Then the Bekenstein-Hawking entropy S(r+), the quasi-local energy E(r+), the Hawing temperature
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T (r+) and the heat capacity C(r+) can be written as functions of q1 and Λ
S(r+) = pir
2
+
(
1− 2kr
2
+
3kr2+ + 6q
2
1 − 2Λr4+
)
, (105)
E(r+) =
1
24
r+
(
−6kr
2
+
(
k − 2Λr2+ + 2
)
3kr2+ + 6q
2
1 − 2Λr4+
− 4Λr2+ + 12
)
, (106)
T (r+) =
kr2+ − 2q21 − 2Λr4+
8pir3+
, (107)
C(r+) =
2pir4+
(
r2+
(−k2 + k − 6Λq21)+ (k − 2)Λr4+ + 6q21 + 2Λ2r6+)(
4q21 − kr2+
) (
3kr2+ + 6q
2
1 − 2Λr4+
) . (108)
In the following we will discuss the thermodynamics of a spherically symmetric solution with
various values of the cosmological constants Λ.
1. Λ = 0 with k = 1
We will first consider the case of Λ = 0 and k = 1, then from eq. (104) we have
r± =
1±
√
1− 18c22q21
−3c2 , (109)
where 18c22q
2
1 ≤ 1, it is clear that c2 must be negative − 13√2q1 ≤ c2 < 0 to have positive roots.
In this case we have
S(r+) =
1
4
A (1 + fR(r+)) = pir
2
+(1 + c2r+) , (110)
E(r+) =
r+
2
(
1 +
3
4
c2r+
)
, (111)
where
1 + c2r+ = 1− 1
3
− 1
3
√
1− 18c22q21 ≥
1
3
, (112)
1 +
3
4
c2r+ = 1− 1
4
− 1
4
√
1− 18c22q21 ≥
1
2
, (113)
for the Bekenstein-Hawking entropy and the quasi-local energy to be positive.
Note that as c2 varies in the range
− 1
3
√
2q1
≤ c2 < 0, (114)
there are two horizons, the larger one is the event horizon and the smaller one is the Cauchy horizon.
With the decrease of c2, Cauchy horizon grows while the event horizon shrinks until they coincide,
where is only one horizon at the extremal limit
r+ ≥ rext =
√
2q1 . (115)
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FIG. 4: The evolution of the two horizons rh and the quasi-local energy E as functions of c2. The black
curve, black dashed curve, gray curve, gray dashed curve, pink curve and pink dashed curve correspond to
q1 = 0.5, 1, 1.5, 2, 2.5, 3 respectively.
This can be seen in Fig. 4. The Cauchy horizon grows while the event horizon shrinks until
they coincide, where there is only one horizon that indicates the extremal case c2 = − 13√2q1 . This
process becomes shorter with larger charge, in which the extremal limit is reached earlier. The
quasi-local energy E grows with the increase of c2 and the decrease of charge q1.
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FIG. 5: The Bekenstein-Hawking entropy S and quasi-local energy E as functions of r+. The black curve,
black dashed curve, cyan curve, cyan dashed curve, pink curve and pink dashed curve correspond to
q1 = 0.5, 1, 1.5, 2, 2.5, 3 respectively.
From Fig. 5 we can see that for asymptotically flat spacetimes the Bekenstein-Hawking entropy
S(r+) grows with r+ in quadratic form while the quasi-local energy E(r+) rises with r+ linearly.
Besides, large q1 gives large entropy and quasi-local energy.
The Fig. 6 shows that the Hawing temperature grows from the extremal case, where T (rext) = 0,
after reaching its maximum value, it decreases slowly to zero at infinity. From the expression of
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FIG. 6: The Hawking temperature T and heat capacity C as functions of r+. The black curve, black dashed
curve, cyan curve, cyan dashed curve, pink curve and pink dashed curve correspond to q1 = 0.5, 1, 1.5, 2, 2.5, 3
respectively.
heat capacity eq. (108), we can see that for asymptotic flat spacetimes there is a divergent point
r+ = 2q1. For the black holes smaller than this critical value, the heat capacities are positive, while
the larger black holes have negative capacity. We know that ordinary matter have positive capacity
which means that to maintain matter in higher temperature, more energy is required. As opposed
to that, negative capacity means that a black hole needs to lose energy to get higher temperature.
Positive divergence of heat capacity indicates the temperature could not get higher temperature
even if the black hole absorbs much more energy. While the negative divergence of heat capacity
indicates the temperature could not get higher even if the black hole loses much more energy.
Therefore the divergent points correspond to the maximum values of temperature.
2. Λ > 0 with k = 1
For positive cosmological constant the equations B(rext) = 0 and B
′(rext) = 0 give the extremal
horizons
rext± =
1
2
√
k ±
√
k2 − 16Λq21
Λ
, (116)
and then 16Λq21 ≤ 1 is required.
For the roots of metric function B0(r), the horizon rh can be Cauchy horizon, event horizon or
cosmological horizon, to confirm the extremal cases, we need to check the sign of B′′0 (rh)
B′′0 (rh) =
4q21 − kr2h
r4h
. (117)
22
Here Λ > 0 with k = 1. Substituting the expressions of rext±, we find that B′′0 (rext−) is always
positive while B′′0 (rext+) is always negative, which means that for dS spacetimes the ”−” indicates
the coincide of the Cauchy horizon and the event horizon while the + indicates the coincide of
event horizon and the cosmological horizon.
So we can obtain the ranges of r+ and c2 from the extremal conditions
1
2
√
1−
√
1− 16Λq21
Λ
≤ r+ ≤ 1
2
√
1 +
√
1− 16Λq21
Λ
, (118)
l1 ≤ c2 ≤ l2, (119)
where
l1 = −
√
1−
√
1−16Λq21
Λ
(√
1− 16Λq21 + 1 + 16Λq21
)
8q21
(
16Λq21 + 3
) , (120)
l2 =
√√
1−16Λq21+1
Λ
(√
1− 16Λq21 − 1− 16Λq21
)
8q21
(
16Λq21 + 3
) . (121)
Now we can draw the plots of the horizons and the quasi-local energy as functions of c2, also the
Bekenstein-Hawking entropy S(r+), the Quasi-local energy E(r+), the Hawing temperature T (r+)
and the heat capacity C(r+) as functions of r+.
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FIG. 7: Cauchy horizons, event horizons and cosmological horizons rh are plotted as functions of c2 in the
left figure and also the quasi-local energy E of a function of c2 is plotted in the right figure. The black
curve, black dashed curve, cyan curve, cyan dashed curve, pink curve and pink dashed curve correspond to
q1 = 0.1, 0.2, 0.3, 0.4, 0.5, 0.6 respectively, where the cosmological constant Λ has been chosen as Λ = 0.02.
In Fig. 7, there are three horizons for l1 < c2 < l2, the largest one is the cosmological horizon,
the smallest one is the Cauchy horizon and the middle one is the event horizon. When c2 = l1, the
Cauchy horizon and event horizon coincide, corresponding to extremal black holes. Then with the
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increase of c2, the extremal horizon splits into two horizons: the Cauchy horizon and the event
horizon, and the radius of event horizon grows while the cosmological horizon shrinks and they meet
each other at c2 = l2. We can also see that larger charge gives larger Cauchy horizon, smaller event
horizon, it makes the extremal black hole more easily happen, corresponding to smaller ranges of
c2. On the other hand, charge almost does not have any influence on the cosmological horizon.
The quasi-local energy always rises with the increase of c2, and larger charge gives less quasi-local
energy, which means that the electromagnetic field can extract energy from black hole and make it
shrink. Charge can also make the relation E(c2) to become sharper.
0 1 2 3 4 5
0
2
4
6
8
10
r+
S(r +)
(a) Bekenstein-Hawking entropy S(r+)
0 1 2 3 4 5
0.0
0.2
0.4
0.6
0.8
r+
E(r +)
(b) Quasi-local energy E(r+)
FIG. 8: The Bekenstein-Hawking entropy S and quasi-local energy E as functions of r+. The black curve,
black dashed curve, cyan curve, cyan dashed curve, pink curve and pink dashed curve correspond to
q1 = 0.1, 0.2, 0.3, 0.4, 0.5, 0.6 respectively, where the cosmological constant Λ has been chosen as Λ = 0.02.
In Fig. 8 we can see that for asymptotically de Sitter spacetimes the Bekenstein-Hawking entropy
S(r+) first increases gradually from a small value S(rext−) when the Cauchy horizon coincides
with the event horizon, then it decreases to another small value S(rext+) when the event horizon
coincides with the cosmological horizon. The entropy is always non-negative within the range of
the r+ given in eq. (118). While the quasi-local energy E(r+) always grows with the increase of r+.
When the event horizon coincides with the cosmological horizon it gets a peak value, which means
that the energy inside the event horizon always becomes larger when the radius of the event horizon
rises. Besides, for black holes with same radius of event horizons, charge brings more entropy and
quasi-local energy.
This abnormal behavior of entropy indicates the violation of the second law of thermodynamics,
which may be saved if we add external matter according to generalized second law (GSL) [45]. The
generalized second law (GSL) states that the total generalized entropy S′ ≡ S+Sbh never decreases
[46], where S is the ordinary entropy of matter outside the black hole. In fact the second law is
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also violated in some f(R) models [47], even the generalized second law (GSL) [48].
On the other hand, if the second law holds, then for any points on the curves, the black holes
will expand or shrink to reach the vertexes of the curves, where the maximum values of entropy can
give the stable positions. For smaller black holes, they need to absorb matter to have more entropy,
while larger black holes needs to expel matter to have more entropy.
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FIG. 9: The Hawking temperature T and heat capacity C as functions of r+. The black curve, black
dashed curve, cyan curve, cyan dashed curve, pink curve and pink dashed curve correspond to q1 =
0.1, 0.2, 0.3, 0.4, 0.5, 0.6 respectively, where the cosmological constant Λ has been chosen as Λ = 0.02.
The Fig. 9 shows that for asymptotic de Sitter spacetimes, the Hawing temperature first grows
from zero then decreases to zero which corresponds to the extremal. On the other hand, the peak of
the temperature corresponds to the divergent point of heat capacity likewise. The difference is that
for Λ > 0 it may rises across the zero and then decreases to zero, where the cross point indicates
that the temperature changes sharply when the black hole absorbs or loses energy. Besides larger
charge gives lower temperature and less capacity like the way in asymptotic flat spacetimes. Other
properties are also similar.
3. Λ < 0 with k = 1
For asymptotic AdS spacetimes, the extremal condition can be written as
rext± =
1√−2Λ
√
−k ±
√
k2 − 16Λq21. (122)
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For k = 1, we have
r ≥ rext = 1√−2Λ
√
−1 +
√
1− 16Λq21 , (123)
−
√
1−
√
1−16Λq21
Λ
(
16Λq21+
√
1−16Λq21+1
)
8q21(16Λq21+3)
≤ c2 < 0 . (124)
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FIG. 10: Cauchy horizon and event horizon rh are plotted as functions of c2 in the left figure and
also the quasi-local energy E of a function of c2 is plotted in the right figure. The black curve,
black dashed curve, cyan curve, cyan dashed curve, pink curve and pink dashed curve correspond to
Λ = −0.01,−0.02,−0.03,−0.04,−0.05,−0.06 respectively, where the charge q1 has been chosen as q1 = 0.2.
The Fig. 10 shows that smaller cosmological constant gives smaller radius of event horizon, and
the cosmological constant almost has no impact on the relation of c2 and mass, similar with the
asymptotic de Sitter case but more energy is contained with the same absolute values of Λ.
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FIG. 11: The Hawking temperature T and heat capacity C as functions of r+. The black curve, black
dashed curve, cyan curve, cyan dashed curve, pink curve and pink dashed curve correspond to Λ =
−0.01,−0.02,−0.03,−0.04,−0.05,−0.06 respectively, where the charge q1 has been chosen as q1 = 0.2.
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In Fig. 11 we can see that for asymptotically anti-de Sitter spacetimes the Bekenstein-Hawking
entropy S(r+) and the quasi-local energy E(r+) both grow with the increase of r+, and smaller
cosmological constant gives larger entropy and quasi-local energy.
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FIG. 12: The Bekenstein-Hawking entropy S(r+) and quasi-local energy E(r+) as functions of r+. The black
curve, black dashed curve, cyan curve, cyan dashed curve, pink curve and pink dashed curve correspond to
Λ = −0.01,−0.02,−0.03,−0.04,−0.05,−0.06 respectively, where the charge q1 has been chosen as q1 = 0.2.
The Fig. 12 shows that the temperature rises sharply from the zero and then decreases and
then it also increases slowly. While the heat capacity is always negative beyond the divergent point,
which means that the black hole still needs to lose energy for higher temperature. Besides, smaller
cosmological constant gives higher temperature and lower heat capacity.
Concluding this section, we made an analytic study of the thermodynamics of a (3+1)-dimensional
charged black hole which is resulting from an action that except the usual linear Ricci scalar term
there is also a non-linear term of the Ricci scalar. For a spherically symmetric charged black hole
we found that the asymptotic properties of spacetimes impose stringent constraints on the structure
of the black hole giving consistency with the second law of thermodynamics. For example, if the
asymptotic spacetime is dS, depending on the strength of the correction nonlinear term of the
Ricci scalar, the charged black hole has a rich structure in order to give a valuable thermodynamic
behaviour. We also expect to have similar behaviour if the topology is flat or hyperbolic of the
charged black hole.
VI. CONCLUSIONS
In this work we obtained an exact charged black hole solution with dynamic curvature in
D-dimensions in Maxwell-f(R) gravity. Without specifying the form of f(R) we solved the Einstein-
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Maxwell equations with a spherically symmetric metric ansatz. The general black hole solution we
found, depending on the choices of the parameters, it can be reduced to the Reissner-Nordstro¨m
black hole in D-dimensions of the Einstein gravity and to the known charged black hole solution
with constant curvature in f(R) gravity. All our general solutions in various dimensions consist of
only polynomials and they reveal interesting properties when compared to RN black holes.
In (3+1)-dimensions the form of f(R) can be solved explicitly and the found polynomial solution
with dynamic curvature was compared with the usual (3 + 1)-dimensions RN black hole in the
Einstein Gravity. The main characteristics of our solutions are the presence of a dynamic curvature
R(r) and a non-zero gravitational action F (r), while the RN black hole has a constant curvature
and zero gravitational action. This fact gives a rich spectrum of thermodynamical properties of our
charge black hole solution.
We studied analytically the thermodynamics of the charge black hole in a spherical topology in
asymptotically flat, dS and AdS spacetimes calculating the the Bekenstein-Hawking entropy, the
quasi-local energy, the Hawking temperature and the heat capacity. For the flat and AdS spacetimes,
as the charge of the black hole is increasing the Bekenstein-Hawking entropy and the quasi-local
energy are also increasing. The opposite effect is observed in the case of the cosmological constant.
The increase of vacuum energy is giving less Bekenstein-Hawking entropy and the quasi-local energy.
In the case of the dS spacetime we found that the Bekenstein-Hawking entropy S first increases
gradually from a small value when the Cauchy horizon coincides with the event horizon, then it
decreases to another small value when the event horizon coincides with the cosmological horizon.
As we discussed in the last Section this behaviour can be understood using the generalised second
law of thermodynamics.
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Appendix A: Explicit solutions in D = 4, 5, 6 dimensions
In this Appendix we list the solutions for the metric function in D = 4, 5, 6 dimensions.
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B(r) =
1
12 (c1 + 1) 5r2
{
12c22r
4
[
(c1 + 1)
3k + c2c4 (c1 + 1) + c
2
2q
2
]
ln
(
c2r + c1 + 1
r
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2 (c1 + 1) r
(
3 (c1 + 1) kr
(
3c22r
2 + c1 (4− 2c2r)− 2c2r + 2c21 + 2
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(−12c32r3
+c1
(
6c22r
2 − 8c2r + 9
)
+ 6c22r
2 + c21 (9− 4c2r)− 4c2r + 3c31 + 3
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D = 4 , (A1)
B(r) =
1
360 (c1 + 1) 7r4
{
60c22r
6
(
4 (c1 + 1)
5k − 6c22c4 (c1 + 1) 2 + 3c42q2
)
ln
(
c2r + c1 + 1
r
)
+ (c1 + 1)
(
40 (c1 + 1)
4kr4
(
5c22r
2 − 6c1 (c2r − 3)− 6c2r + 9c21 + 9
)
+ 30 (c1 + 1)
2r2(
12c3 (c1 + 1)
4r4 + 12c32c4r
3 − 6c22c4 (c1 + 1) r2 + 4c2c4 (c1 + 1) 2r − 3c4 (c1 + 1) 3
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+3q2
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+c41 (50− 12c2r)− 12c2r + 10c51 + 10
))}
D = 5 , (A2)
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D = 6 , (A3)
here c3 and c4 are new constants of integration, not the same with the constants of integration c3
and c4 of the general solution (27). This is because if we set D = 4, 5, 6..., the general solution (27)
will reduce to different solutions given by (A1),(A2) and (A3) with different integration constants.
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Appendix B: Solutions with an effective cosmological constant
In this Appendix we give the solutions with an effective cosmological constant,
B(r) =
(D − 3)k
D − 2 −
2Λeff
(D − 1)(D − 2)r
2 +
D−3∑
n=1
2k(−1)n+1(c1 + 1)n
(D − 2)(n+ 2)cn2rn
+
2(D−3)∑
n=D−2
q2(−1)nc2D−n−62
(D − 3)(n+ 2)rn(c1 + 1)2D−n−5 , (B1)
R(r) =
(D − 3)k
r2
+
2D
(D − 2)Λeff +
D−3∑
n=1
2k(−1)n(c1 + 1)n
(
D2 −D(2n+ 5) + n2 + 5n+ 6)
(D − 2)(n+ 2)cn2rn+2
+
2(D−3)∑
n=D−2
q2(−1)n (−D2 +D(2n+ 5) + n2 − 3n− 6)
(D − 3)(n+ 2)(c1 + 1)2D−n−5cn+6−2D2 rn+2
, (B2)
f(r) = −2(D − 2− 2c1)
(D − 2) Λeff + 2Λ +
2c2(D − 3)k
r
+
(D − 3)k(2c1 −D + 4)
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, (B3)
and the equation of f(R) also becomes simpler
f(R) = −2(D − 2− 2c1)
(D − 2) Λeff + 2Λ +
2c22(D − 3)k
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− q
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Then the full gravity action becomes
R(r) + f(r)− 2Λ = 4(1 + c1)
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